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1
$\Omega\subset R^{d}(d=2,3)$ , $\Gamma\equiv\partial\Omega$ $T$ . Navier-Stokes
($u^{p)}$ : $\Omega x(0, T)arrow R^{d}xR$ ;
$\{\begin{array}{ll}\frac{\partial u}{\partial t}+(u\cdot\nabla)u-\nabla(2\nu D(u))+\nabla^{p=f} in \Omega x(0,T),\nabla\cdot u=0 in \Omega\cross(0,T),u=g on \Gamma\cross(0,T),u=u^{0} in \Omega, at t=0\end{array}$ (1)
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$\Delta t,$ $\Delta t$ $u,$
$v:\Omegaarrow R^{d}$ ,
$\frac{X_{1}(u,\Delta t)(x)\equiv x-u(x)\Delta t}{{}^{t}Bmai1:not\epsilon u\copyright math.kyu8hu\sim u.ac.jp}$
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$X_{2}(u,v, \Delta t’,\Delta t)(x)\equiv x-\{(1+\frac{\Delta t’}{2\Delta t})u(x-u(x)\Delta t’)-\frac{\Delta t’}{2\Delta t}v(x-u(x)(\Delta t’+\Delta t))\}\Delta t’$
. $X_{i}$ $i$ .
$\mathcal{T}_{h}=\{K\}$ $\Omega$ ( ) .
$\Omega_{h}\equiv:nt\cup\{K;K\in \mathcal{T}_{h}\}$
$\Gamma_{h}\equiv\partial\Omega_{h}$ . $\Delta t$ , $No\in N,$ $N_{T}\equiv[T/\Delta t],$ $t^{\mathfrak{n}}\equiv n\Delta t$ .
$\alpha\equiv 1/N0,$ $\Delta t_{0}\equiv(1-\alpha)\Delta t,$ $\Delta t_{1}\equiv\alpha\Delta t$ . \Delta to+\Delta tl=\Delta t, .
$\Omega\cross(0,T)$ $\phi$ $\psi^{n}(\cdot)\cong\phi(\cdot, t^{n})$ .
$(\phi^{n}oX)(x)\equiv\phi^{n}(X(x))$
. $V_{\hslash}(g),$ $Q_{h}$
$V_{h}(g)\equiv\{v_{h}\in C(\overline{\Omega}_{h})^{d};v_{h}|\kappa\in P_{2}(K)^{d\forall}K$, vh(P)=g(P)( $P\in\Gamma_{h}$ ) $\}$ ,
$Q_{h}\equiv\{q_{h}\in C(\overline{\Omega}_{\hslash});q_{h}|_{K}\in P_{1}(K),$ $\forall K,$ $\int_{\Omega_{h}}q_{h}dx=0\}$
$V_{\hslash}\equiv V_{h}(0)$ . $\Pi_{h}$ , $f_{\hslash}\equiv\Pi_{h}f$ . $(\cdot.\cdot)$ ,
$L^{2}(\Omega_{h})$ .
(1) 2 ;
$\{\begin{array}{ll}(\frac{u_{\hslash}^{\mathfrak{n}-\alpha}-u_{h}^{n-1}oX_{2}(u_{h}^{n-1},u_{h}^{n-2},\Delta t_{0},\Delta t)}{\Delta t_{0}},v_{h}) +\nu(D(u_{h}^{n-\alpha})+D(u_{h}^{\mathfrak{n}- 1})oX_{1}(u_{h}^{\mathfrak{n}-1},\Delta t_{0}),D(v_{h}))+\nu\Delta t_{0},\sum_{q\{\dot{g},k=}^{d}(D|\dot{f}(u_{h}^{n-} )u_{hk^{j}}^{n-1},v_{b,k})-\frac{1}{2}\{(\nabla\cdot v_{h},p_{h}^{n-\alpha})\underline{-(\nabla^{p_{h}^{n-1}}oX_{1}(u_{h}^{\mathfrak{n}-1},\Delta t_{0}),v_{h})}\} =\frac{1}{2}(f_{h}^{n-\alpha}+f_{h}^{\mathfrak{n}- 1}oX_{1}(u_{h}^{n-1},\Delta t_{0}),v_{h}) \forall_{v_{h}\in V_{h}}(\nabla\cdot u_{h}^{n-\alpha},q_{h})=0 \forall q_{h}\in Q_{h},\end{array}$
(2a)





$\{\begin{array}{ll}(\frac{u_{h}^{m\alpha}-u_{h}^{(m-1)\alpha}oX_{1}(u_{h}^{(m-1)\alpha},\Delta t_{1})}{\Delta t_{1}}, v_{h})+2\nu(D(u_{h}^{m\alpha}), D(v_{h})) -(\nabla\cdot v_{h},p_{h}^{m\alpha})=(f_{h}^{m\alpha}, v_{h}) \forall_{v_{h}\in V_{h}}(\nabla\cdot u_{h}^{m\alpha}, q_{h})=0 \forall_{q_{h}\in Q_{h}}u_{h}^{0}=\Pi_{h}u^{0}, (m= 1, \cdots, N_{0})\end{array}$
(2c)
$(u_{h}^{n-\alpha},p_{h}^{n-\alpha})\in V_{h}(g^{\mathfrak{n}-a})xQ_{h},$ $(u_{h}^{n},p_{h}^{n})\in V_{h}(g^{n})xQ_{h}(n=2, \cdots, N_{T})$
$(u_{h}^{m\alpha},p_{h}^{m\alpha})\in V_{h}(g^{m\alpha})\cross Q_{h}(m=1, \cdots, N_{0})$ .
, 2 (2a) $(u_{h}^{n-\alpha},p_{h}^{n-\alpha})\in V_{h}(g^{n-a})\cross Q_{h}$ , 1
[2] (2b) $(u_{h}^{\mathfrak{n}},p_{h}^{n})\in V_{h}(g^{n})\cross Q_{h}$ ( 1).
. . . $arrow(\begin{array}{l}u_{h}^{n-l}p_{h}^{n-l}\end{array})arrow^{\Delta l_{0}=O(\Delta l)2Xn\alpha}(\begin{array}{l}u_{h}^{\mathfrak{n}-\alpha}p_{h}^{n-\alpha}\end{array})arrow^{\Delta t_{1}=O(\Delta l^{2})1\mathfrak{W}\propto}(\begin{array}{l}u_{h}^{n}p_{h}^{n}\end{array})arrow\cdots$
1:
, $(u_{h}^{1},p_{h}^{1})$ (2c) . (2a) $\Delta t0$ 2 , (2b), (2c) $\Delta t_{1}$
1 . $\Delta t_{0}=O(\Delta t),$ $\Delta t_{1}=O(\Delta t^{2})$ , (2)
$\Delta t$ 2 . 1 . 2,
3 , (2a)
$+( \nabla\cdot v_{h},p_{h}^{n-1}oX_{1}(u_{h}^{n-1}, \Delta t_{0}))-\Delta t_{0}\sum_{i,j=1}^{d}(p_{h_{\dot{\theta}}}^{n-1}u_{hj,i}^{n-1},v_{hi})$,
$+( \nabla\cdot v_{h},p_{h}^{n-1}oX_{1}(u_{h}^{n-1},\Delta t_{0}))+\Delta t_{0}\sum_{i,j\approx 1}^{d}(p_{h}^{\mathfrak{n}-1}u_{hj,*}^{\mathfrak{n}-}!,v_{hi_{\dot{\theta}}})$
. 2, 3 1 . ,
1, 2, 3 Sl, S2, S3 .
3
$N\in N$ , $\Delta t\equiv 1/N,$ $N_{0}\equiv N+1$ .
$\Delta t=\frac{1}{N}$ , $\Delta t_{0}=\frac{1}{N+1}$ , $\Delta t_{1}=\frac{1}{N(N+1)}$ (3)
, $Narrow+\infty$ $\Delta t_{0}=O(\Delta t),$ $\Delta t_{1}=O(\Delta t^{2})$ , Sl, S2, S3 $\Delta t$
2 . $X_{1},$ $X_{2}$
[3]. 5 [4] .
.
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1. (1) $\Omega=(-0.5,0.5)^{2},$ $T=1$ , $\nu$ 5
$\nu=1,10^{-1},10^{-2},10^{-3},10^{-4}$
,
$\{\begin{array}{l}u_{1}(x_{1},x_{2},t)=-4\cos^{4}(\pi x_{1})\cos^{3}(\pi x_{2})\sin(\pi x_{2})u_{2}(x_{1},x_{2},t)=4(2\pi t)\cos^{3}(\pi x_{1})\cos^{4}(\pi x_{2})\sin(\pi x_{1})p(x_{1},x_{2},t)=\sin(2\pi(t+x_{1}+x_{2}))\end{array}$
$f,$ $g,$
$u^{Q}$ .
$\{\phi^{n}\}_{n=1}^{N_{T}}\subset X(=H^{1}(\Omega)^{2}, L^{2}(\Omega))$ , $\Vert\phi\Vert_{l^{2}(X)}$
$|| \phi\Vert_{l^{2}(X)}\equiv\{\Delta t\sum_{\mathfrak{n}=1}^{N_{T}}||\phi^{n}||_{X}^{2}\}^{1/2}$







$\backslash \backslash$ . $\backslash \backslash \backslash$
$\backslash \backslash$
$\backslash$









$N_{\Omega}$ $\Omega$ . Err
Err $\equiv\frac{||\Pi_{h}u-u_{h}||_{l^{2}(H^{1}(\Omega)2)}+||\Pi_{h}p-p_{h}||_{l^{2}(L^{2}(\Omega))}}{||\Pi_{h}u||_{l^{2}(H^{1}(\Omega)^{2})}+||\Pi_{h}p||_{l^{2}(L^{2}\langle\Omega))}}$
. $h\equiv 1/N_{\Omega}$ . $N=N_{\Omega}$ . , $\Delta t=h$
. 3 $N_{\Omega}=32,40,48,56$ $\Delta t$ Err . 5
, $\nu=1,10^{-1},10^{-2},10^{-3},10^{-4}$ . S3 $\nu=10^{-3},10^{-4}$
, $t=T$ . S3 $\nu=10^{-3},10^{-4}$
, Sl, S2, S3 2 .
1 .
2( ). (1) $\Omega=(0,1)^{2},$ $T=50$ , $\nu$ 3 ,
$\nu=10^{-2},10^{-3},2x10^{-4}$
,
$g_{1}(x_{1},x_{2},t)=\{\begin{array}{ll}16x_{1}^{2}(1-x_{1})^{2} (x_{2}=1),0 (x_{2}\neq 1),\end{array}$
$g_{2}=0,$ $f=0$ . $u^{0}$ Stok\’e .
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3: 1 $\Delta t$ Err ( Sl, S2, S3, 1 )
$Re(\equiv\nu^{-1})$ $Re=100,1,000$, 5,000 . $\nu$
$Re$ . , 3
( 4).
4: ( $N_{\Omega}=40,60,80$ )
& $N_{\Omega}=40,60,80,$ $N=10,20,40$ 9 ,
. $Re=100$ Sl, S2, S3 9 , &
, Sl, S2, S3 . 5
$N_{\Omega}=80,$ $\Delta t=1/40$ , $t=T$ ,
.
4
[1] (S1) , 2 Navier-Stokes
2 (S2, S3) . 3
. ( 1) Sl, S2, S3
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5: $t=T$ 2 ( $Re=100,1,000,5,000$)
$O(\Delta t^{2})$ . ( 2)
, Sl, S2, S3 .
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